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3-D Geometry

01. Straight Line In Space

Vector And Cartesian Equation Of A Line
Theorem I The vector equation of a straight line passing through a fixed point with position

vector a and parallel to a given vector b is v = a + Ab, where A is scalar.

Figure

Remark 1 71y the above equation r is the position vector of any point P (x, y, z) on the line.

—

Therefore, r = zi+ yj + 2k
Remark 2 7pe position vector of any point on the line is taken as a + \b.

Theorem Il The cartesian equation of a straight line passing through a fixed point
(x1, y1, z1) and having direction ratios proportional to a, b, ¢ is given by

T—x Y~y 2T

a b c

Remark 1 T— 3 y— Y 2 — 2
= = are

The parametric equations of the line P c

x=x1 tak y =y + b\, z =2z + ¢\ where A is the parameter.

Remark 2 iR — 6 y— Y Z2— 2z
The coordinates of any point on the line e are

(x1 + ak, yy + b\, z; + cA) A € R

Remark 3 Since the direction cosines of a line are also direction ratios. Therefore, equation of
a line passing through (xi, y1, zi) and having direction cosines I, m, n is
Tox Y~y 2T

l m n
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3-D Geometry

Remark 4 Since x, y and z-axes pass through the origin and have direction cosines
1,0, 0; 0, 1, 0 and 0, 0, 1 respectively. Therefore, their equations are

-0 -0 -0
x =Y =2 or, y=0and z = 0

X-axis : T 0 0
o zr—0 y—0 =2—-0 _ _
y-axis 0T 1 T o or, x 0 and z 0
.. rz—0 _y—0 _2—0 _ _
Z-axis . 00 1 or, x 0 and y 0

—

Theorem Il The vector equation of a line passing through two points with position vector a

and b is

Theorem IV The cartesian equations of a line passing through two given points (x1, V1, z1)
and (x3, y», z2) are given by
rT—x Y~y 2T

Lo — Xy Yo~ Yy Ro T 2

Reduction of Cartesian Form of The Equation Of A Line to Vector Form And

Vice-Versa
Cartesian to Vector Let the cartesian equation of a line be
rT—x Y~y 2T
a b ¢

Then, the vector form of line (i) is

—

r=a + Am
or, r = (x1 i+ ylj + 2 k) + l(af + bj + ck), where A is a parameter.
Vector To Cartesian Let the vector equation of a line be

r=a + Am

where, a =x,1 —l—ylj—i-zll;:, m = a§+bj+cl; and A is a parameter.

T Yy~ U 272 . . . .
Then, e = )\ is the cartesian equation of the line.
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Angle Between Two Lines

3-D Geometry

Vector Form Let the vector equations of the two lines be

T—aTJrkb andr—a—;—i-,ub
cos 0 = bl.bz
o] [0,

Condition of perpendicularity: If the lines Z and b—; are parallel.

b, = Ab, for some scalar A.

Cartesian Form Let the cartesian equations of the two lines be

T Y- Hh  ETEH

G by G
L Ty Y= Yo T 29
and, = =
ay b Co
Let 0 be the angle between (i) and (ii).
a,a, + b b, + ¢ ¢,

cos 6 =

\/a%-I—b?-l—c? \/a§+b§+c§

(i)

...(ii)

Condition of perpendicularity : If the lines are perpendicular, then

m;.my, =0 = aa, + bib, + cic; = 0

_ —

Condition of parallelism : 1f the lines are parallel, then m, and m, are parallel.

—

—

m, = Am, for some scalar A
a b c
1 1 1

— _——= — = —
Ay by G

Intersection of Two Lines

To determine whether two lines intersect or not and in case they intersect the following

algorithm is used to find their point of intersection.

Algorithm Let the two lines be

rT—x Y-y 2T

a by G

L= Ty Y=Y e
and, = =
ay by Cy

()

...(ii)

Step I  Write the coordinates of general points on (i) and (ii). The coordinates of general

points on (i) and (ii) are given
rT—x Y-y 2T Z

a, b—1 ¢

= A and

Y— Y 2T %

= = = p respectively,
by )

ie. (A + x1, bih + y1, alh + z1) and (a2 + x2, byl + yo, L + 22)
Step I If the line (i) and (ii) intersect, then they have a common point.
T htx = ptxb At yr=butyandco Atz =0 pt o
Step Il Solve any two of the equation of A and W obtained in step Il If the values of A
and | satisfy the third equation, then the lines (i) and (ii) intersect. Otherwise they

do not intersect.
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